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Warmup!!
Determine convergence or divergence for each of
the following series. When possible, find the sum.
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9-4: Series Comparisons!
At the end of this lesson you will be able to:
• Use the direct comparison test and the
limit comparison test to determine
convergence/divergence of a series
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Direct Comparison Test
Suppose 0 < an ≤ bn for all n.

Note:
smaller than converging function converges
larger than a diverging function diverges
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ex)

Since this closely resembles
let's compare these two.
We know that
Since

for all n.

converges (geometric with |r| < 1),
must also converge.
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You try!

This converges.
2

Compare to 1/(3n ) which
converges based on the p-test.
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Sometimes the test doesn't work for the
first few terms. That's okay! If the test
works for all terms from a constant value of
n to infinity it can still be applied. Also, if
your first comparison function doesn't work,
try another one!
You try with this one!

After looking at the terms, these terms
will always be larger than the original
series, but because this series diverges we
can't use this to make any conclusions

After eliminating

I tried 1/n. The terms of

this series are larger than the original series up
to n = 4, but once you get past the 4th term, the
terms are all smaller and will continue in this
manner up to infinity. Because the series 1/n
diverges (p-test), this implies that the original
series diverges as well.
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Limit Comparison Test!
Suppose that an > 0 and bn > 0.
If

is both finite and positive,

then ∑an and ∑bn either both converge or
both diverge.
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ex) Suppose you want to determine if
converges or diverges

Compare this to
By the p-test, we know the second series
diverges. Since all of the terms of the first
series are less than the second series, the direct
comparison test doesn't give us any information.
Let's try the limit comparison test!

So the limit is finite and positive. Since the
second series diverges, this implies that the first
series diverges as well.
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You try! Determine the convergence/divergence of

Compare this with
By the p-test, we know this series converges.
Let's check the limit!

Because this limit is finite and positive, and
because the second series converges, the
first series must converge as well.
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You try! (Let's take it up a notch)

Compare this with
By the nth term test, we know this series
diverges. Let's check the limit!

Because this limit is finite and positive, and
because the second series diverges, the first
series must diverge as well.

March 03, 2016
Let's summarize the tests we've learned so far:
SEQUENCES
A sequence is convergent if the limit exists.
A sequence is divergent is the limit does not exist.
Any sequence that is both monotonic and bounded
will converge.
SERIES
Nth Term Test for Divergence

Geometric Series Convergence
If the series is of the form
series will converge to

then the
as long as |r| < 1.

Telescoping Series

Integral Test for Convergence

P-Test for Convergence

Direct Comparison Test for Convergence
Suppose 0 < an ≤ bn for all n.

Limit Comparison Test for Convergence
Suppose that an > 0 and bn > 0.
If

is both finite and positive,

then ∑an and ∑bn either both converge or both
diverge.

March 03, 2016

Determine convergence or divergence for
each of the following series. When possible,
find the sum.

So	
  the	
  terms	
  of	
  the	
  second	
  series	
  are	
  always	
  less	
  
than	
  the	
  terms	
  of	
  the	
  3irst	
  series.	
  	
  Since	
  the	
  
second	
  series	
  diverges	
  based	
  on	
  the	
  p-‐test,	
  the	
  
3irst	
  series	
  must	
  also	
  diverge	
  based	
  on	
  the	
  direct	
  
comparison	
  test.	
  	
  (Of	
  course	
  you	
  could	
  also	
  use	
  
the	
  limit	
  comparison	
  test	
  for	
  this	
  one.)
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2

Because 3/n converges based on the p-test, the
original series must also converge based on the
limit comparison test
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What have we learned?
• Can we apply the limit comparison and
direct comparison tests to determine
convergence/divergence?
• Can I recognize which test to use for a
given series?

